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Abstract
By applying closed-orbit theory to an existing model, a simple formula is derived for the modula-
tion function of s-wave photo-detachment in the presence of a static electric field. We then compare
the s-wave modulation function with the p-wave modulation function. We show the maximums
(minimums) in the s-wave modulation function correspond to the minimums (maximums) in the
p-wave modulation function because of a phase difference of pi in their oscillations. The oscillation
amplitude in the p-wave modulation function can be larger than, smaller than or equal to the
oscillation amplitude of s-wave modulation function when the angle between the laser polarization
direction and the static electric field direction is tuned to be smaller than, larger than or equal to
a special angle which is approximately 54.74◦.
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Bryant et al [1, 2] first observed the ”ripple” structure in the photo-detachment cross sec-
tion of H− in the presence of a static electric field. The experimental observations have been
successfully explained by several theories[3, 4, 5]. The photodetachment of H− is an example
of a p-wave photodetachment. It is well known that the initial bound state of H− posses an s
symmetry. According to angular momentum selection rules, the photo-detached electron has
a p-wave character in the absence of an electric field. Gibson et al studied another p-wave
photodetachment process in the presence of a static electric field using Au−[6]. Gibson et
al [7, 8] also studied the oscillations in the photodetachment cross sections in the presence of
an electric field using S− and Cl−. However, these two negative ions are examples of s-wave
photodetachment. In contrast to p-wave photodetachment, detached electron wave in an
s-wave photodetachment has an s-wave character. In reality, s-wave photo-detachment is an
approximation. Because the detached electron should be a combination of s-wave compo-
nent and d-wave component according to selection rules. But close to threshold, the d-wave
is much smaller than the s-wave according to Wigner’s threshold law and can be neglected.
Since the initial bound states of negative ions have different symmetries for s-wave and p-
wave photo-detachment, the question is how the symmetry properties in the initial bound
states are reflected in the static field induced oscillations of the photo-detachment cross sec-
tions? So far, comparisons between theoretical calculations and experimental measurements
have been limited to each of the negative ions such as H−,Au−,S− and Cl−[1, 2, 5, 6, 7, 8].
There has been no comparison between the oscillations of different negative ions. The lack
of such comparison is probably caused by the difficulty to identify a simple and common
object characterizing the oscillations of each negative ion.
It appears that modulation functions as functions of a scale variable S are the choice
to compare the oscillations of different negative ions. For H− photodetachment in an elec-
tric field, both momentum space approach[5] and closed-orbit theory[9] give the following
photodetachment cross section when the laser polarization is parallel to the electric field,
σ||(E, F ) = σ0(E)[1 +
cos(S)
S
], (1)
where σ0(E) is the photodetachment cross section of H
− in the absence of a static electric
field, E is the detached electron energy above threshold, S = 4
√
2E3/2
3F
is the action of a
closed-orbit of the detached-electron[9] that is responsible for the oscillation in Eq.(1), F is
the static electric field strength. The induced oscillation by the static electric field in the
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photodetachment cross section for H− can be characterized by a modulation function,
A||p(S) = [1 +
cos(S)
S
], (2)
which is the ratio of the photodetachment cross section in the static electric field and the
photodetachment cross section in the absence of the static electric field.
For the purpose of comparison, we now derive a similar modulation function for s-wave
photodetachment in an electric field using closed-orbit theory[9]. Following Baruch et al [7,
8, 10], we assume the dipole operator acting on the initial state can be approximated by a
δ source D(r)ψi(r) = λδ(r) for s-wave photodetachment, where λ is an energy dependent
positive parameter which will be related to the photodetachment cross section in the absence
of a static electric field. The photo-detached electron wave function ψ+s (r) in the presence
of an electric field of F pointing to the z-axis satisfies the following equation[9, 11, 12],
(E −H)ψ+s (r) = λδ(r), (3)
where H = p
2
2
+ Fz. Both experimental and theoretical evidences suggest the re-scattering
effect is small[8, 13, 14] and is neglected here. The physical solution of Eq.(3) must be
outgoing. Once we have the solution ψ+s (r), the photodetachment cross section can be
calculated using the following formula[9, 11, 12]
σs(E, F ) = −4piEp
c
Im〈λδ(r)|ψ+s (r)〉, (4)
where Ep is the photon energy, and c is approximately equal to 137. We use atomic units
in this article. Following previous approach for H−[9], the photodetachment wave function
ψ+s (r) is written as a direct part and a returning part ψ
+
s (r) = ψ
+
s,dir(r) + ψ
+
s,ret(r). The
direct part represents the detached electron wave initially going out from the source right
after photodetachment and it satisfies the following equation
(E − p
2
2
)ψ+s,dir(r) = λδ(r). (5)
Using existing result for Green’s function[15], we have
ψ+s,dir(r) = −
λ
2pi
exp(ikr)
r
(6)
where r is the distance to the delta function source at the origin, k =
√
2E.
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To obtain the returning wave ψ+s,ret(r), we propagate the direct wave in Eq.(6) using
semiclassical method following the same closed-orbit[9]. The returning wave near the source
can be approximated by a plane wave traveling in the negative z-direction, but its phase
and amplitude are different from the ones for H−[9],
ψ+s,ret(r) = gs exp(−ikz), (7)
where gs carries the amplitude and phase accumulated along the closed-orbit and the direct
wave function ψ+s,dir(r). According to the semiclassical method[9],
gs = lim
R→0
Aei(S−
pi
2
)ψ+s,dir(R). (8)
In Eq.(8) A is a measure of the amplitude variation along the closed-orbit and is given by
A =
√
R2k
(R + kT )2|k − FT | , (9)
where T is the transit time of the closed-orbit and is given by T = 2
√
2E
F
. S is the action
integral along the closed-orbit from the source out and back to the source, S(E, F ) = 4
√
2E3/2
3F
.
For this closed-orbit, the general relationship T = ∂S
∂E
obviously holds[12].
Finally we get the result
gs = − λF
4pik2
ei(S−
pi
2
). (10)
The photodetachment cross section can now be evaluated using Eq.(4). The cross section
can be written as
σs(E, F ) = σs,0(E) + σs,1(E, F ) (11)
where σs,0(E) and σs,1(E, F ) are,respectively,
σs,0(E, F ) = −4piEp
c
Im〈λδ(r)|ψ+s,dir(r)〉, (12)
σs,1(E, F ) = −4piEp
c
Im〈λδ(r)|ψ+s,ret(r)〉, (13)
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We evaluate the background term σs,0(E) first.
σs,0(E) = −4piEp
c
ℑ〈λδ(r)|ψ+dir(r)〉
= −4piEp
c
ℑ
∫
drλδ(r)(− λ
2pi
)
exp(ikr)
r
= −4piEp
c
∫
drλδ(r)(− λ
2pi
)
sin(kr)
r
= −4piEp
c
(−λ
2
2pi
)k
=
2λ2Epk
c
. (14)
The oscillating term σs,1(E, F ) is evaluated next.
σs,1(E, F ) = −4piEp
c
ℑ〈λδ(r)|ψ+ret(r)〉
= −4piEp
c
ℑ
∫
drλδ(r)(− λF
4pik2
) exp[i(S − pi
2
)] exp(−ikz)
= −4piEp
c
(− λ
2F
4pik2
)ℑ exp[i(S − pi
2
)]
= −4piEp
c
(− λ
2F
4pik2
) sin(S − pi
2
)
=
λ2EpF
k2c
sin(S − pi
2
)
= −λ
2EpF
k2c
cos(S). (15)
Combining the above two terms, we finally have the cross section of s-wave photodetachment
in an electric field,
σs(E, F ) = σs,0(E)[1− cos(S)
3S
] (16)
σs,0(E) =
2λ2Epk
c
is the photodetachment cross section without the static electric field. The
energy dependent parameter λ is thus connected to σs,0(E). We note the δ source model
gives the correct threshold law for s-wave photodetachment. λ varies slowly and smoothly
as a function of energy above and near threshold. The modulation function for s-wave
photodatachment in the presence of a static electric field is therefore given by
As(S) = [1− cos(S)
3S
]. (17)
The modulation function is expected to be valid for S ≥ 1 because of the semiclassical
approximation in the derivation.
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We now compare the modulation functions of s-wave in an electric field in Eq.(17) and
p-wave photodetachment in an electric field in the parallel polarization case in Eq.(1). First,
we note both the s-wave and p-wave modulation functions are functions of the same closed-
orbit action S, which in turn depends on the detached electron energy E and static electric
field F via S(E, F ) = 4
√
2E3/2
3F
. This observation facilities the comparison of the modula-
tion functions of s-wave and p-wave. As functions of S, we realize that the phases of the
oscillations in Eq.(17) and Eq.(1) differ by pi. This phase difference implies the maximums
(minimums) of s-wave modulation function correspond to the minimums (maximums) of
p-wave modulation function. In Fig.1(a) the s-wave modulation function As(S) (solid line)
and A
||
p(S) (dotted line) are compared. In Fig.1(a) one can also see the oscillation amplitude
of p-wave in the parallel polarization case is larger than the oscillation amplitude of s-wave.
In fact, Eq.(17) shows the oscillation amplitude of p-wave in the parallel polarization case
is three times of the oscillation amplitude of s-wave oscillation.
The discussion for the p-wave can be extended to more general situations. Let θL be
the angle between the laser polarization direction and the static electric field. When θL
is not too close to pi/2, the photodetachment cross section derived earlier[16] gives the θL
dependent modulation function of p-wave,
Ap(S, θL) = [1 + cos
2(θL)
cos(S)
S
]. (18)
When θL is very close to pi/2, the outgoing detached electron wave is on a node, the result
in Eq.(18) will be modified similar to the photo-ionization case[17].
The phase of the oscillation in Eq.(18) remains the same as in the parallel polarization
case in Eq.(1) when θL deviates from zero. However, the oscillation amplitude depends on
the angle θL and is reduced by a factor cos
2(θL). By setting θL to a special angle satisfying
cos(θsL) =
1√
3
the oscillation amplitudes in the modulation functions of p-wave and s-wave
will be the same. Limiting the value of θL from 0
◦ to 90◦, the special angle is found to be
θsL
.
= 54.74◦. In Fig.1(b) we compare the modulation functions of s-wave and p-wave for this
special situation. The solid curve represents the modulation of s-wave and the dotted curve
represents the modulation of p-wave. The oscillating parts are mirror images of each other
with respect to the horizontal line intersecting the vertical axis at 1. θsL is the dividing point
in the range [0◦,90◦]. When θL < θsL, the oscillation amplitude of the p-wave is larger than
the oscillation amplitude of the s-wave; when θL > θ
s
L, the oscillation amplitude of the p-wave
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is smaller the oscillation amplitude of the s-wave. So far, experimental measurements for p-
wave photo-detachment have been reported for the parallel polarization case corresponding
to θL = 0
◦ and for the perpendicular case corresponding to θL = 90◦[1, 2, 6]. The present
results suggest the oscillation of the p-wave modulation function at other angles between
the laser polarization and static electric field can provide useful informations.
In summary, we have derived a modulation function for s-wave photo-detachment in a
static electric field in Eq.(17). When the semiclassical condition is satisfied, that is, when
S(E, F ) = 4
√
2E3/2
3F
≥ 1, both the s-wave and p-wave modulation functions depend on only
the closed-orbit action S. We have compared the s-wave and p-wave modulation functions
as functions of S. We find the phase of the oscillation in the s-wave modulation function
differs by pi from the phase of the oscillation in the p-wave modulation. The origin of this
phase difference can be traced back to the difference in the symmetry properties of the
initial bound states of the negative ions. The oscillation amplitude of p-wave modulation
function can be made larger than, smaller than or equal to the oscillation amplitude of
s-wave modulation function when the angle between the laser polarization and the static
electric field is tuned to be smaller than, larger than or equal to a special angle θsL which is
approximately 54.74◦. We hope the present theoretical results will provide useful guide for
future experiments.
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FIG. 1: Modulation functions of s-wave and p-wave photo-detachment in the presence of a static
electric field. (a) The angle between the laser polarization direction and the static electric field
θL is 0
◦. (b) The angle between the laser polarization direction and the static electric field θL is
54.74◦.
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